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Navier-Stokes [1, 2, 7, 8, 10, 17]
2 Navier-Stokes $[7, 8]$ Lagrange
2 2 3
3 4 5 2
2 Navier-Stokes
2.1 Navier-Stokes
2 $\Omega$ , Navier-Stokes ,
$\frac{\partial u}{\partial t}+u\cdot \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}u+\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}P$
$=$ $\frac{1}{Re}\triangle u+f$, (1)
$\mathrm{d}\mathrm{i}\mathrm{v}u$ $=$ $0$ , (2)
, $u$ : $\Omega\cross(0, T)arrow R^{2}$ $p:\Omega\cross(0,T)arrow R$ , $f$ , $Re$
Reynolds
2 , $\Gamma_{D}(\neq\emptyset)$ $\Gamma_{N}$ , u $=u_{D}$ \mbox{\boldmath $\sigma$}(u, $p$) $\cdot n=\tau N$
, $\sigma_{ij}(u_{)}p)=-p\delta ij+(2/Re)Dij(u)(i,j=1,2)$ , $D_{\dot{\mathrm{a}}j}(u)=(\partial u_{i}/\partial_{X_{j}}+\partial uj/\partial_{X_{i})}/2$
$(i,j=1,2)$ , $n$ , $u_{D}$ $\tau_{N}$
$t=0$ u=uI
$u_{D}=0$
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[9] $\Omega$ 3 , $h$
$\mathrm{P}1$ (1 ) $Q_{h}$ 3 4
, $\text{ }\mathrm{P}1$
( P2 Pl P2 Pl $h/2$
Pl Pl(h/2) /
Pl $(\mathrm{h}/2)/\mathrm{P}\mathrm{l}(\mathrm{h})$ ) $h$
, 1 $b$ [3] ,




$\phi_{i,u}i=1,$$\ldots,$ $N$ $V_{h}$ , $\psi_{i},i=1,$ $\ldots,$ $N_{p}$ $Q_{h}$
[11] , $\Delta t$ , $n$ $n\triangle t$
, (1) , (2)
$(u_{h},p_{h}n+1n)\in V_{h}\mathrm{x}Q_{h}$ ,
$( \frac{u_{h}^{n+1}-u_{h}n}{\Delta t},\phi_{i})h^{+(u_{h}})a_{1}^{h},uh’\emptyset i)+\Omega_{0}(u_{h}^{n},\phi_{i}+nnb(\phi i,p_{h}^{n}) = \langle\hat{f},\phi_{i})$, $1\leq i\leq N_{u}$ (4)
$b(u_{h}^{n+1},\psi_{i})$ $=$ $0$ , $1\leq i\leq N_{p}$ , (5)
,
$(u,v)$ $=$ $\int_{\Omega}u\cdot vdx$ ,
$a_{1}(w, u,v)$ $=$ $\int_{\Omega}(w\cdot \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}u)\cdot vd_{X}$ ,
$a_{0}(u,v)$ $=$ $\frac{2}{Re}\int_{\Omega}D(u)$ : $D(v)dx$ ,
$b(v_{\rangle}q.)$ $=$ $- \int_{\Omega}q\mathrm{d}\mathrm{i}\mathrm{v}vdx$ ,
$\langle\hat{f},v\rangle$ $=$ $\int_{\Omega}f\cdot vdx+\int_{\Gamma_{N}}\tau N.vd_{S}$ ,
, $(, )_{h}$ $(, )$ , $a_{1}^{h}$ $a_{1}$ [18] $u_{h}^{0}$
$(u_{h}^{0}, \phi i)=(u_{Ic,\phi)}i$ , $1\leq i\leq N_{u}$
1 ,
$\overline{M}\frac{U^{n+1}-U^{n}}{\Delta t}+A_{1}(U^{n})U^{n}+A_{0}U^{n}+B^{T}P^{n}$ $=$ $F^{n}$ , (6)
$BU^{n+1}$ $=$ $0$ , (7)
, $U^{n}$ $u_{h}^{n}$ $N_{u^{-}}$ , $P^{n}$ $p_{h}^{n}$ $N_{p^{-}}$
, $F^{n}$ $\langle\hat{f}\rangle\phi_{i}\rangle$ $N_{u^{-}}$ ,
$[\overline{M}]_{\iota j}$ $=$ $(\phi_{\mathrm{j}},\phi_{i})_{h}$ , $i,j=1,$ $\ldots,$ $N_{u}$ ,
10
$[A_{1}(U^{n})]_{ij}$ $=$ $a_{1(u_{h},\emptyset\phi_{i}}^{hn}j,)$ , $i,j=1,$ $\ldots,N_{u}$ ,
$[A_{0}]_{ij}$ $=$ $a_{0}(\emptyset j’\phi_{i})$ , $i,j=1,$ $\ldots,N_{u}$ ,
, , , ,
$[B]_{ij}=b(\phi_{j}, \psi_{i})$ , $i=1,$ $\ldots,$ $N_{p}$ , $j=1,$ $\ldots,N_{u}$ ,
222 Poisson
(6) $,(7)$ , Poisson [11]
$\tilde{U}$ , (6) 2 :
$\overline{M}\frac{\tilde{U}-U^{n}}{\triangle t}+A_{1}(U^{n})U^{n}+A_{0}U^{n}$
$=$ $F^{n}$ , (8)
$\overline{M}\frac{U^{n+1}-\tilde{U}}{\triangle t}+B^{\tau_{P}n}$
$=$ $0$ . (9)
$B\overline{M}\cdot(9)$ , (7) ,








$\overline{\Omega}=\overline{\Omega_{1}}\cup\cdots\cup\overline{\Omega_{K}}$ , $\Omega_{k}\cap\Omega_{l}=\emptyset(1\leq k<l\leq K)$
$\overline{\mathrm{r}_{m}}=\overline{\Omega_{\kappa(m)^{\cap\overline{\Omega_{\kappa}}}(}-}+m)’(1\leq m\leq M)$










$Q_{h}^{\star}$ $=$ $k \tau\prod_{-,-}^{K}Q_{k},h$ .
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\Omega , Lagrange
$\Gamma_{m}$ Lagrange $W_{m,h}$ $P1(h)$
Lagrange :
$W_{h}^{\star}= \prod_{m=1}W_{m},h$ .
(4),(5) , Lagrange , o
$(u_{h}^{n+1n},p_{h}, \lambda_{h}^{n})\in V_{h}\star \mathrm{X}Q\star h\cross W_{h}^{\star}$ ,
$( \frac{u_{h}^{n+1}-u^{n}h}{\triangle t},$ $v_{h})_{h^{+}}b^{\star}(vh_{J}p_{h}^{n})+j\star(vh, \lambda_{h}^{n})$ $=$ $\langle\hat{f}^{\star},$ $v_{h}\rangle-a1(h\star n)-a^{*}\mathrm{o}(u_{h},v_{h})uh’ u_{h}^{n},v_{h}n$ ,
$\forall v_{h}\in V_{h}^{\star}$ (11)
$b^{\star}(u_{h}^{n+}, q_{h}1)$ $=$ $0$ , $\forall q_{h}\in Q_{h}^{\star}$ (12)
$j^{\star}(u_{h^{+}}^{n},\mu_{h}1)$ $=$ $0$ , $\forall\mu_{h}\in W_{h}^{\star}$ (13)
,
$a_{1}^{\star}(w,u,v)$ $=$ $\sum_{k=1}^{R’}\int\Omega k(w_{k}\cdot \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}u_{k})\cdot$ vkdx,
$a_{0}^{\star}(u, v)$ $=$ $\frac{2}{Re}\sum_{k=1}^{K}\int_{\Omega}k)D(u_{k}:D(v_{k})d_{X}$ ,
$b^{\star}(v,q)$ $=$ $- \sum_{k=1}^{\mathrm{A}’}\int_{\Omega}kqk\mathrm{d}\mathrm{i}\mathrm{V}v_{k}dx$ ,
$j^{\star}(v,\mu.)$ $=$ $- \sum_{m=1}^{M}\int\Gamma_{m})(v_{\kappa}(m-v-(m\rangle)+\kappa\mu md\mathit{8}$ ,
$\langle\hat{f}^{\star},$ $v)$ $=$ $\sum_{k=1}^{K}(\int_{\Omega_{h}}f\cdot vkd_{X}+\int_{\partial\Omega_{k}\cap}\gamma_{N}\Gamma_{N}’\cdot v_{k}d_{S})$ ,
$a_{1}^{h\star}$




, $\overline{M}$ $(, )_{h}^{\star}$ , $B$ $b^{\star}$ , $J$ $j^{\star}$
, $F^{n}$
2.3.3 Poisson

















$[7, 8]$. / /Lagrange $Pl(h/\mathit{2})/Pl(h)/P\mathit{1}(h)$
( Lagrange = ). Lagrange Pl(h) $\text{ }$ Pl $(\mathrm{h}/2)$ : /
Lagrange. Lagrange Pl(h) Pl $(\mathrm{h}/2)$ ( , $0$ )
: Pl(h)











$\Omega$ , 2 $B(0,0),$ $C(.1,0)$ , $A$ $2\alpha$ , 2 3




$2\alpha=\pi/3$ , $Re=2\sqrt{3},200^{\sqrt{3},0^{\sqrt{3}}}100$ 3550,
7 1 $Re=2\sqrt{3}$ , $Re=200\sqrt{3}$
, $Re=1000\sqrt{3}$ [16] –



































3: , Re=400( )
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. Pl(h) ,. $\mathrm{P}1(\mathrm{h}/2)$ ,. Pl(h/2) ( , $0$ ),. PO(h) ,. PO(h/2) ,
, \Omega $=(0,1)\cross(0,1)$ , , $u=(x^{2}y+y, -x-x3sy2),$ $p=- \frac{1}{2}+x+y^{s}s$ , Reynolds
$Re=400$ , , $u=0$ ,
$3\cross 2$ , $\Omega$ $n\cross n(\cross 2)$ ,
$r\iota=6,12,24,48$ , 3 ,
$H^{1}(\Omega)$ , $L^{2}(\Omega)$ 4 , Lagrange $L^{2_{-}}$ 5
, /J| Lagrange
Pl(h/2) , 4 ( Pl(h)
)




1 / / 3 Pl(h/2)/P1(h)/P1(h/2)
[14] ,
[6]







(immiscible)2 ( 1, 2 )
,
$\Omega\subset R^{2}$ 2 ( ), $\Omega_{\alpha}(t)$ $(0\leq t\leq T,\alpha=1,2)$ \alpha $\Omega$






$u\cdot n$ $=$ $v\cdot n$ (18)
17
$\text{ }4$ : Error for the velocity(left) and the pressure(right)
5: Error for the Lagrange multiplier
18
$u^{(\alpha)}$ , $v$ , $n$
,
$\tau^{(1)}-\tau=\sigma\kappa n(2)$ (19)




, $\Omega$ Navier-Stokes 3
P2 $V_{h}$ , Pl $Q_{h}$ ,
$(u_{h^{+1}}^{n},p_{h}^{n})\in V_{h}\mathrm{x}Q_{h}$
$( \frac{u_{h}^{n+1}-u_{h}n}{\Delta t},v_{h})+(u_{h}^{n}\cdot \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}uh’ vh)n-\frac{1}{\rho}(p_{h}^{n},\mathrm{d}\mathrm{i}\mathrm{v}v_{h})+2\nu(D(u_{h}^{n}) : D(v_{h}))$ $=$ $(f, v_{h})+(f_{ST}, v_{h})$ ,
$v_{h}\in V_{h}$ , (20)
$(\mathrm{d}\mathrm{i}\mathrm{v}u_{h^{+}}^{n},q_{h})1$ $=$ $0$ , $q_{h}\in Q_{h}$ , (21)
, $f$ , $f_{ST}$
, $\phi=\phi$( $x$ ,t)(
) :
$\phi$
, , 3 P2 $X_{h}$ ,
$( \frac{\phi_{h}^{n+1}-\phi^{n}h}{\triangle t},$ $\xi_{h})+(u^{n}h^{+}1. \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\phi_{h}^{n},\xi_{h})=0$ , $\xi_{h}\in X_{h}$ (22)
, ,
$n$ $=$ $\frac{\nabla\phi}{|\nabla\phi|}=(\frac{\phi_{x}}{\sqrt{\phi_{x}^{2}+\phi_{y}^{2}}},$ $\frac{\phi_{y}}{\sqrt{\phi_{x}^{2}+\phi_{y}2}})$ (23)






$\Omega_{k}$ , P2 $V_{k,h}$ , Pl $Q_{k,h}$ ,
, $V_{h}^{\star}= \prod_{k}V_{k,h},$ $Q_{h}^{\star}= \prod_{k}Qk,h$ , Lagrange
19
$\Gamma_{m}$ Lagrange $W_{m,h}$ ,
, $W_{h}^{\star}= \prod_{m}W_{m,h}$ ,
(20),(21) ,
$(u_{h}^{n+1},p_{h}^{n}, \lambda_{h}^{n})\in V_{hQ_{h}\mathrm{X}W_{h}}^{\star}\mathrm{X}\star\star$
$( \frac{u_{h}^{n+1}-u^{n}h}{\Delta t},$ $v_{h})_{h}+ \frac{1}{\rho}b^{\star}(v_{h,p_{h}^{n}})+j\star(vh, \lambda^{n}h)$ $=$ $f(v_{h})$ , $v_{h}\in V_{h}^{\star}$ , (25)
$b^{\star}(u_{h^{+}}^{n}, q_{h}1)$ $=$ $0$ , $q_{h}\in Q_{h}^{\star}$ , (26)
$j^{\star}(u_{h^{+}}^{n},\mu_{h}1)$ $=$ $0$ , $\mu_{h}\in W_{h}^{\star}$ , (27)
, $f$
6.2.2
$\Omega_{k}$ , P2 $X_{k,h}$ , , $x_{h}^{\star}= \prod_{k}xk,h$ ’
Lagrange $\Gamma_{m}$ Lagrange $Y_{m,h}$
, , $Y_{h}^{\star}= \prod_{m}Y_{m,h}$ ,
(22) ,
$(\phi_{h}^{n+1}, \eta_{h^{+1}})n\in Xh\cross Y^{\star}h\star$
$( \frac{\phi_{h}^{n+1}-\phi_{h}^{n}}{\triangle t})\xi_{h})+j^{*}(\xi_{h,\eta_{h}^{n}})$ $=$ $-a_{1}^{\star}(u_{h}^{n+1},\phi h’\xi_{h}n)$ , $\xi_{h}\in x_{h}^{\star}$ , (28)
$j^{\star}(\phi^{n}h^{+}’\mu h)1$ $=$ $0$ , $\mu_{h}\in \mathrm{Y}_{h}^{\star}$ , (29)
5.3
P2 Lagrange
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